We present a theoretical scheme that seamlessly handles the crossover from fully ballistic to diffusive thermal transport regimes and apply it to carbon nanotubes. At room temperature, the micrometer-length nanotubes belong to the intermediate regime in which ballistic and diffusive phonons coexist, and the thermal conductance exhibits anomalous nonlinear tube-length dependence due to this coexistence. This result is in excellent agreement with molecular-dynamics simulation results showing the nonlinear thermal conductance. Additionally, we clarify the mechanism of crossover in terms of characteristic frequency, which is a new concept derived from the scheme. *
Device heat-generation is a high-priority obstacle to the development of next-generation electronics. Carbon nanotubes (CNTs) are promising candidates, which may alleviate the heating problem because of their high thermal conductivity ∼2000 W/m-K. [1] [2] [3] [4] [5] This high thermal conductivity originates from a long mean free path of phonons, which is of the order of µm, even at room temperature. 5, 6) In this situation, where the mean free path is comparable to a typical length of CNTs used in devices, thermal-transport is different than in bulk materials, due to the coexistence of ballistic and diffusive phonons.
One theoretical means of exploring the coexistence phenomena is to use the Keldysh nonequilibrium Green's functions, 7, 8) but it is not well-suited for large-scale calculations.
Therefore, we derive a new formula for quasi-ballistic phonon transport, based on a phenomenological approach introduced first by Büttiker for describing inelastic electronic transport in mesoscopic systems. 9) In the quasi-ballistic regime, phonon-phonon scattering plays an essential role in thermal transport properties, and drives the system toward local thermal equilibrium, with a spatially varying temperature. To describe such an effect phenomenologically, we introduce a fictitious probe connected to a heat reservoir with temperature T F , as illustrated in Fig. 1(a) .
The fictitious probe extracts a fraction of phonons travelling inside the conductor, and reinjects them into the conductor after thermalization in the reservoir, thus acting effectively as phonon-phonon scattering. In contrast to incoherent phonons propagating from the left to the right lead via the probe, the remaining coherent phonons propagate from the left to right lead without entering the fictitious probe. Thus, the thermal current consists of coherent and incoherent components, i coh (ω) and i inc (ω), as shown in Fig. 1 . Note that the net thermal current flowing in the fictitious probe should be zero: ∫ i F (ω)dω = 0, since the probe is not a real lead, but merely a conceptual one introduced to express phonon-phonon scattering more effectively. In other words, the temperature T F at the probe is determined by the condition that no net thermal current flows in the probe.
By performing some basic arithmetic which follows from the fictitious-probe idea, the thermal conductance was found to formally have the same expression as the Landauer formula for coherent phonon transport: 10, 11)
even in the presence of phonon-phonon scattering events. Here, T is an averaged temperature between hot and cold heat baths, and T ν (ω) is an effective transmission function of a phonon through a conductor, including the phonon-phonon scattering given by 
For N probes, the transmission function T tot ν (ω) of a phonon with {ν, ω} propagating in a conductor of length L can be written
where 
the large-N (or small-dL) limit where the transmission probability of each small segment with length dL is close to one (T ν (ω) ≈ 1).
As a result, a general expression of thermal conductance is given by
For a short conductor obeying L ≪ Λ ν (ω), Eq. (4) reproduces the Landauer formula 10, 11) for coherent phonon transport with perfect transmission. For a long conductor obeying L ≫ Λ ν (ω), it reduces to the Boltzmann-Peierls formula. 13) We now apply the developed formula (4) to thermal transport in CNTs at room temperature. Although the mean free path Λ ν (ω) can be calculated using Eq. is expressed simply as:
where Ω ν (L) = √ c ν A/T L is a length-dependent characteristic frequency, which is a key quantity for understanding the crossover from ballistic to diffusive phonon transport in the CNTs.
The mode-ν dependence of c ν is neglected hereafter, i.e., the mode-dependent characteristic frequency Ω ν (L) is replaced by a mode-independent Ω(L). In spite of the relative simplification, this works remarkably well to describe the length dependence of thermal conductance in the quasi-ballistic regime, as we will discuss below.
In Eq. although we can not compare the theory with the experiments because the detailed information on tube structure (i.e., number of walls and their chiralities) was not described.
Before turning to detailed discussion of the crossover from ballistic to diffusive transport, it is important to mention that agreement is achieved even without using the long time-scale thermal-current correlations being considered in present theory. In low-dimensional systems, the long time tail of heat-flux autocorrelation has been discussed as contributing to the length dependence and will eventually cause divergence of thermal conductivity. 21, 22) Note that MD simulations potentially include this effect through the coupling of thermal noises, although the onset length for CNTs is not known. Despite this difference between the developed theory and MD simulations, the two are in excellent agreement. Although this agreement cannot be taken as rigorous proof, it empirically suggests that three-phonon scattering events make a major contribution to the length effect in the range of lengths explored by the MD simulations. This is also in agreement with the NEGF calculation results taking higher-order scattering corrections into account. 21, 22) In either case, the agreement between the current theory and MD simulation results indicates that the higher-order effects are negligible in the current length regime. This agrees with the previously reported observation from Boltzmann's kinetic approach. 15) In summary, the current work is the first to derive a theoretical scheme that seamlessly handles the crossover from fully ballistic to diffusive thermal transport regimes. The scheme also bridges the gap between perturbation approaches and MD simulations, which has been an obstacle to establishing a universal theoretical foundation for the study of nanoscale thermal transport. Moreover, the scheme serves as a tool to gain an understanding of the underlying physics, and opens a new path to exploration of novel thermal devices. Long CNT Short CNT mm µm nm Fig.3 11/??
